Despite the importance of sliding contact in diarthrodial joints, the contact analysis algorithms presented over the past decade have been limited to cases of infinitesimal deformation and thus cannot reflect the real mechanical behavior of articular cartilage in daily life. In this study, a new finite element contact analysis approach allowing a large amount of sliding between articular cartilages is presented based on the biphasic theory, which is an effective model for articular cartilage. The geometric constraint condition and the continuity condition of the fluid phase on the contact surfaces are introduced by applying Lagrange multipliers. The formulation is carried out by transmitting the contact traction of the tissue and the hydrostatic pressure of the fluid phase equivalently between the contact surfaces by means of integrating virtual work due to contact over the contact area. The effectiveness of the proposed algorithm is verified by two numerical examples.
Introduction
The extracellular matrix of articular cartilage is composed of proteoglycans and collagen fibers, and protected from excessive deformation and stress by the hydrostatic pressure of the interstitial fluid, which supports about 90% of the external load on the cartilage. On the other hand, since mechanical stimulation is regarded a factor that influences the metabolism of chondrocytes, the reduction in deformation and stress of the extracellular matrix may contribute to the maintenance of cartilage function. A decrease in the protective function of the interstitial fluid, due to aging or excessive loading, causes destruction of the extracellular matrix and chondrocyte death, thereby leading to joint diseases (1) . Therefore, understanding the mechanical behavior of articular cartilage is useful not only for the prevention or treatment of joint diseases but also for the development of artificial tissues. Taking the characteristic biphasic structure of cartilage into account, biphasic mixture (2) and poroelastic material (3) mod-els have been proposed over the past two decades. Moreover, since the synovial joint functions as a load transfer mechanism by contact between cartilage surfaces, the finite element method has been applied to contact analyses of articular cartilage based on the biphasic or poroelastic theories (4) - (6) . However, in these studies, the deformation was assumed to be infinitesimal and the pair of contacting nodes was fixed during the analysis. Thus, the sliding that occurs between cartilage surfaces in synovial joints cannot be simulated by these approaches.
On the other hand, the formulation of a finite element contact analysis for large deformation has been carried out by discretizing the contact surfaces into contact elements and limiting the nodes on the surface of one side (slave surface) to penetrate the surface of the other side (master surface). The so-called one-pass node-to-segment approach (7) has been widely applied due to its ability to reflect a large amount of sliding. However, it has been pointed out (8) that this approach may not pass the contact patch test and may lead to errors in the contact traction, since the contact virtual work is evaluated by a concentrated contact force. If this approach is applied to a biphasic structure such as cartilage, errors will be produced not only in the contact traction of the tissue but also in the flow and hydrostatic pressure of the interstitial fluid. Therefore, in order to predict the mechanical behavior of articular cartilage correctly, a new contact analysis algorithm needs to be developed.
In this study based on the biphasic theory, the impenetrability of the soft tissue and the continuity of the interstitial fluid on the contact surfaces are introduced as constraint conditions by applying a Lagrange multiplier method. Furthermore, a new contact algorithm applicable to the contact problems of a biphasic structure with a large amount of sliding is developed, by extending an approach proposed by the authors (9) that can pass a contact patch test developed for single phase structures. Furthermore, the validity and effectiveness of the proposed algorithm are verified by two numerical examples.
Basic Equations of the Biphasic Theory
In the biphasic theory, articular cartilage is considered to be a mixture of interstitial fluid as the fluid phase and extracellular matrix as the solid phase. Denoting the whole mixture volume as V, the volume fraction of each phase is defined as
with superscripts s and f denoting the solid and fluid phases, respectively. The saturation condition of cartilage holds as
For each phase, the apparent density ρ α (mass per unit mixture volume) is related to the true density ρ α T (mass per unit volume of each phase) by
By assuming incompressibility of the solid and fluid phases and combining Eqs. (2) and (3) with the mass conservation equation ∂ρ
the following relationship can be obtained
where u s and u f are the velocities of the solid and fluid phases, respectively, w = φ f (u f − u s ) gives the relative velocity of the fluid phase with respect to the solid phase. Moreover, if the inertial force, volume force and viscosity of the fluid phase are omitted (2) , (10) , the momentum equation of the mixture and Darcy's law, which governs the motion of the fluid phase in the mixture, are given as follows
where σ denotes the Cauchy stress tensor of the mixture, the second order tensor κ represents the permeability and p is the hydrostatic pressure of the interstitial fluid. By omitting the viscosity of the fluid phase, the Cauchy stress of the mixture can be expressed as
where σ e denotes the amount of stress due to elastic deformation of the solid phase and can be determined by applying the constitutive relationship of a hyperelastic material for large deformation problems. The kinetic boundary conditions are given by
p =p on γ p (10) wheret andp are the total external traction of the mixture and the hydrostatic pressure of the external fluid on the portions γ t and γ p of the surface, respectively. Thus, Eqs. (5) - (10) and the constitutive relationship of the solid phase compose the boundary value problem of the biphasic theory. By multiplying the weight functions δu to Eq. (6), δw to Eq. (7) and δp to Eq. (5), and then integrating them over the volume domain of the solid phase ω, the summation of these integrations leads to
Furthermore, with δu as an admissible displacement field of the solid phase and utilizing Eqs. (9) and (10), after integrating Eq. (11) by parts followed by use of the divergence theorem and transformation of the volume domain ω and surface domains γ t , γ p to the corresponding domains Ω, Γ t and Γ p in the reference configuration, the weak form of the governing equation of the biphasic theory is obtained as
where E and C are the Green-Lagrange strain and right Cauchy-Green deformation tensor of the solid phase, respectively, S e is the second Piola-Kirchhoff stress due to deformation of the solid phase, J = det F is the determinant of the solid phase deformation gradient tensor,t and p are the nominal mixture traction and hydrostatic pressure, respectively, referring to the reference configuration, and N is the outward normal unit vector of the surface in the reference configuration.
Finite Element Formulation for Contact Problems of Articular Cartilage
In conventional studies (4) - (6) , since infinitesimal deformations were assumed or pairs of contacting nodes were fixed in finite element analyses, these approaches cannot be applied to the general case of the large amount of sliding that occurs between cartilage surfaces in synovial joints in daily life. On the other hand, although the so-called node-to-segment approach (7) , in which sliding is dealt with by considering contact between nodes and contact elements on discretized contact surfaces, is widely adopted due to its simplicity, it has been pointed out that this approach cannot pass the contact patch test and may produce errors of traction in the contact surfaces. If this approach is applied to contact analysis of a biphasic structure such as cartilage, it is inevitable that not only errors in the contact traction of the tissue but also errors in the flow and hydrostatic pressure of the interstitial fluid in the contact surfaces will be induced. In the present study, in order to overcome this obstacle, a contact analysis algorithm was formulated for articular cartilage with large deformation based on the biphasic theory, by extending an approach proposed by the authors (9) that can pass the contact patch test for a single phase material. Figure 1 shows a model of the contacting surfaces of articular cartilage. Considering that the point of cartilage 2 comes into contact with the point of cartilage 1, which is defined as a projection of the point in cartilage 2 to the surface of cartilage 1, the penetration between contact surfaces is defined as follows
1 Basic equations for contact analysis
Since the friction coefficient of healthy cartilage surfaces is low, it is assumed that the friction force can be ignored in the formulation. By means of the relationship between the outward unit normal vectors in both the contact surfaces (14) the relationship between the contact tractions, t c1 and t c2 , of the cartilage surfaces satisfies
Therefore, the geometric and kinetic constraint conditions between contacting cartilage surfaces are given as
Furthermore, the continuity requirement of an incompressible fluid and the balance condition of hydrostatic pressure between the two sides need (12) Fig. 1 Contact surfaces
By comparing Eq. (17) with Eq. (13), it is noted that the penetration defined by Eq. (13) specifies the relative location of the contacting cartilage surfaces, while Eq. (17) ensures mass balance between the contacting surfaces, which is a characteristic property of a biphasic structure. This difference will cause different treatments for these two constraint conditions in the derivation of contact tangent stiffness, as described later. By denoting the volume domains of the contacting cartilages in the reference configuration as Ω 1 , Ω 2 , the surface domains in the reference configuration involving nominal contact tractionst 1 ,t 2 and nominal hydrostatic pressuresp 1 ,p 2 as Γ t1 , Γ t2 and Γ p1 , Γ p2 , respectively, and the contact boundaries in the current configuration as γ c1 , γ c2 , Eq. (12) can be rewritten as
where
corresponds to the virtual work performed by the contact traction of the mixture and the hydrostatic pressure, and is evaluated in the current configuration for the convenience of introducing continuity condition of interstitial fluid given by Eq. (17).
2 Discretization of contact surfaces
In the context of finite element analysis, the candidate contact articular surfaces are divided into contact elements as shown in Fig. 2 . In the one-pass approach, the surface of one side (slave surface) is restrained such that it is unable to penetrate the surface of the other side (master surface). Instead of contact between the cartilage surfaces, contact between node x s (slave node) in the slave surface and the element (master element) in the master surface is treated by means of determining the counterpart point x m (master point) of the slave node in the master surface by drawing a line perpendicular to the master element from the slave node. Therefore, it becomes possible to treat contact problems with a large amount of sliding between cartilage surfaces by defining the geometric relationship between the node and the element, instead of that between nodes as in the node-to-node approach. In Fig. 2 , ξ 1 and ξ 2 indicate the convected coordinates at the master point x m , while 
Moreover, the differential area element in the convected coordinate system can be expressed as
By defining the shape function matrix with shape functions N m i (i = 1, n) of the contact element as
the weight functions δu, δw and location vector x m at the master point are interpolated as
are vectors consisting of the respective nodal values in the contact element.
3 Finite element formulation
In contrast to evaluating contact virtual work by the concentrated contact force in the conventional one-pass formulation of the finite element contact analysis, the authors have proposed an algorithm (9) that can pass the patch test by performing an integration of the contact virtual work over all the contacting elements. The nodes of the master surface are projected onto the slave elements and the contact nodal tractions of the master nodes are transferred from the contact tractions of the projected point, which are obtained by interpolation of the nodal values in the slave elements. If this approach is applied to both the contact traction of the tissue and the hydrostatic pressure, 
On the other hand, by projecting the node of the master element onto the slave element, the nodal contact traction of the tissue t m i and the hydrostatic pressure p m i at node i of the master element are considered to be equal to those at the projected point in the slave element, which can be obtained from interpolation of the nodal values of the slave element, i.e.
where 
denote the shape function matrix, vectors of the nodal contact traction of the tissue and the hydrostatic pressure in all the slave elements related to the nodes in the master surface. Furthermore, in this way, only the nodal contact tractions of the tissue and the hydrostatic pressures on the slave surface become the contact nodal variables as Lagrange multipliers.
In the above formulations, since this research is focused on the patch test problem, the interpolation functions for the contact traction of the tissue and the hydrostatic pressure are chosen to be the same as those of the displacement of the tissue and the relative velocity of fluid phase. But it has to be noted that selecting proper interpolations for the contact traction of the tissue and the hydrostatic pressure to satisfy the inf-sup condition is another crucial issue for insuring the stability and optimal convergence of contact analysis of hydrated tissues.
Since the geometric constraint condition and continuity condition of the fluid phase for the contacting cartilage surfaces need to be satisfied at the contact nodes after discretization, these conditions are discretized by using Eqs. (13), (17) and (24) -(30) as follows
where x s is the location vector, w s is the relative velocity vector of the fluid phase of the contact node x s , and [I] is a 3 × 3 unit matrix.
To derive the contact tangent stiffness, variations of the unit outward normal vector, the Jacobian transforming the differential area to the convected coordinate system and the covariant base vectors due to deformation are first obtained from Eqs. (21) -(23) and expressed in matrix form as follows 
In addition, since the nodal contact traction of the tissue and the hydrostatic pressure of the master node are determined from those at the projected point of the slave element, which depends on the relative movement of the contacting surfaces, as long as the variation in the local coordinates of the projected point is computed (13) , the contact tangent stiffness can be obtained by differentiating Eq. (39).
The contributions of the geometric constraint condition and the continuity condition of the fluid phase to the contact tangent stiffness are determined by differentiating Eqs. 
However, for the continuity condition of the fluid phase, similar relationships do not exist, and therefore, considering the variations in the local coordinates and outward normal vector at the master point due to deformation, the differentiation of Eq. (44) is derived as
In the above equation, the variations of local coordinates, ∆ξ 1 and ∆ξ 2 , have been taken into account, since the master point is defined as the projection of the slave node onto the master element, and is therefore dependent on the relative movement of the contact surfaces.
Numerical Examples
The formulation performed in section 3 is implemented by building the nodal contact traction of the tissue, nodal hydrostatic pressure and contact tangent stiffness associated with contacting articular cartilage surfaces into a self-coded biphasic finite element analysis program. Next, numerical examples are carried out to assess the validity and effectiveness of the proposed approach using a hexahedral type of element with 8 nodes for displacement and relative fluid velocity and 1 node for hydrostatic pressure. In addition, the conventional one-pass approach evaluating the discretized contact virtual work by a concentrated contact force is also performed for comparison.
1 Contact problem between a cartilage layer and a rigid cylinder
To assess the validity of the proposed approach, the contact problem between a cartilage layer and an impermeable rigid cylinder (as shown in Fig. 3 ) is analyzed for comparison with the results (5) of finite element contact analysis of articular cartilage under infinitesimal deformation. Since the impermeable rigid cylinder plays the role of imposing a shape on the contact surface, only the part near the surface of the cylinder is modeled and, furthermore, the symmetry is utilized in the modeling. All the nodal degrees of freedom of displacement and relative fluid velocity at the bottom of the cartilage layer are constrained by assuming that the cartilage layer is connected to an impermeable rigid bone. Furthermore, the nodal degrees of freedom of displacement and relative fluid velocity in the outward direction of the plane are constrained to simulate a 2-D problem. In the contact analysis, the impermeable rigid cylinder is set as the master side. For comparison with the conventional studies, the geometric nonlinearity is ignored and the solid phase of the cartilage is assumed to be linear elastic with the material constants (5) shown in Fig. 3 . The load is first applied to the cylinder as a ramp function of time with the maximum value of 1 N per unit length of the cylinder reached within 10e − 3 s and then held to induce creep deformation of the cartilage layer. The distributions of the contact traction of the tissue and the hydrostatic pressure within the contact area at 100 s after loading obtained by the proposed approach are shown in Fig. 4 , together with those of the conventional research (5) . These results show good agreement, and the small discrepancy near the border of the contact area is considered to be induced by the different finite element meshes of the contact surfaces used in each computation. In addition, it is noted that the hydrostatic pressure accounts for about 86% of the contact traction of the tissue, indicating that the hydrostatic pressure supports the majority of the contact load. Figure 5 shows the deformation of the cartilage and distribution of the relative velocity of the fluid phase immediately after the load reaches its maximum. Since the fluid is prohibited from flowing in and out of the surface of the impermeable rigid cylinder, the continuity condition of the fluid phase on the contact surface results in fluid flow in the tangential direction of the contact surface within the contact area. The fluid flow out of the cartilage layer occurs almost at the border of the contact area with a maximum value of 4.8 µm/s.
In addition, the contact analysis was also carried out by applying the conventional one-pass approach and, leaving out the details, the results were mostly in agreement with the results of the proposed approach, when the impermeable rigid cylinder was set as the master body in the conventional approach. This fact can be explained as follows. In the one-pass approach, the nodes in the slave surface, i.e. the contact surface of the cartilage layer, are constrained such that they are unable to penetrate the master surface. Hence, if the master surface is rigid, the nodal displacement in the slave surface is prescribed by the shape Fig. 4 Distributions of the contact and interstitial fluid pressures at 10 s after loading of the master surface. In a similar way, the nodal relative fluid velocity in the slave surface is also imposed by means of the continuity condition if the master surface is impermeable. Accordingly, the displacement and relative fluid velocity fields, and subsequently the nodal forces in the slave surface, can be evaluated appropriately. Consequently, since the conventional one-pass approach involves discretization of the contact virtual work in the slave surface with the concentrated forces at the slave nodes, these appropriately evaluated nodal forces become equivalent to the contact traction of the tissue and hydrostatic pressure in the slave surface in the sense of virtual work. However, in real synovial joints, the contact occurs between deformable articular cartilage layers. In addition, since it has been pointed out that the conventional one-pass approach for contact problems of a single phase elastic solid cannot pass the patch test due to the nonconforming meshes of the contact surfaces (8) , it can be predicted that considerable errors in the contact traction of the tissue and the hydrostatic pressure will be induced by the non-conforming meshes of the contact surfaces. From a practical standpoint, the meshes cannot always remain conformable under a large amount of sliding even when they are generated conformably in the initial state. Therefore, the effectiveness of the proposed approach for contact problems between deformable bodies with a large amount of sliding will be discussed in the next section.
2 Contact problem between articular cartilage layers
The finite element mesh generated without special attention to the conformability is shown in Fig. 6 . All the nodal degrees of freedom of displacement and relative fluid velocity at the bottom of the lower cartilage layer are constrained by assuming that the cartilage layer is connected to an impermeable rigid bone. The shaded portion of the upper body is also assigned as rigid impermeable bone by specifying a very high stiffness and fixing the degree of freedom of the relative fluid velocity, while the remainder represents another cartilage layer. The nodal degrees of freedom of displacement and relative fluid velocity in the outward direction of the plane are constrained to simulate a 2-D problem. The solid phase of the two cartilage layers is assumed to be a hyperelastic material of the Saint Venant-Kirchhoff type with the same material constants specified in Fig. 6 . The analyses are carried out using both the conventional and proposed approaches for comparison by applying a load from 0 -1 N within 0.01 s. In the analysis using the conventional approach, due to unevenness of the deformed contact surfaces caused by factors discussed below, certain contact nodes near the edges of the contact elements could not be matched to an unique contact element, i.e. such contact nodes "chattered" (14) during the iteration and caused the computation to diverge after the load reached 0.19 N. Therefore, only the results for the two approaches at a load level of 0.19 N are compared below.
As shown in Figs. 7 and 8, considerable disorder appears in the distributions of the contact traction of the tissue and the hydrostatic pressure using the conventional approach, while smooth distributions of these results are obtained using the proposed approach. Consequently, as shown in Fig. 9 , the conventional approach leads to an unevenly deformed contact surface and a disturbed distribution of the relative fluid velocity, while the proposed approach gives a smooth deformation and regular distribution of the relative fluid velocity. From these results, it can be concluded that the proposed approach is applicable to contact problems between deformable cartilages, whereas the conventional approach may cause considerable errors in this case.
The errors of the conventional approach are consid- ered to be contributed by the discretization of the contact virtual work with the concentrated force related to the contact traction of the tissue and the hydrostatic pressure. In general, this discretization is not guaranteed to be equivalent to the original virtual work and therefore transfers of the contact traction of the tissue and the hydrostatic pressure between contact surfaces are unable to be carried out appropriately. The errors not only influence the deformation of the cartilage but also the elastic stress of the solid phase and the flow of the interstitial fluid, and furthermore, they cannot be reduced by mesh refinement. On the other hand, in the proposed approach, the contact virtual work is numerically integrated in both the master and slave elements, and instead of a concentrated force, the nodal contact traction of the tissue and the hydrostatic pressure are transferred between the contact surfaces. In this way, the nodal forces with respect to contact can be evaluated equivalently in the sense of virtual work and thus reasonable results are obtained. Next, contact analysis of articular cartilage layers with a large amount of sliding is carried out using the proposed approach. After the load reaches 1 N at 0.01 s, a rightward horizontal velocity of 10 mm/s is applied to the upper cartilage to produce relative sliding over the lower cartilage within the zone shown in Fig. 6 , while the load remains unchanged. The distributions of the contact traction of the tissue, hydrostatic pressure and normal stress of the solid phase due to deformation when the upper cartilage moves near the center of the lower cartilage are shown in Fig. 10 . All the results are obtained smoothly, with the maximum values appearing in the center of the contact area. In addition, the compression of the cartilage Fig. 10 Distributions of the total contact pressures, hydrostatic pressures and normal elastic stresses on the contact surfaces when the upper cartilage layer slides near the center of the lower cartilage layer due to the contact induces the interstitial fluid to flow toward the outside of the contact area, thereby producing the tensile stress state of the solid phase shown in Fig. 10 and the bulge deformation of the tissue shown in Fig. 11 near the border of the contact area. Moreover, Fig. 11 shows the distributions of the vertical displacement of the surface of the lower cartilage when the upper cartilage moves at the left side, the center and the right side of the lower cartilage, respectively. Without showing the details of the other locations, smooth deformations are obtained during the whole sliding process. In the early stage of sliding ( Fig. 11 (a) ), the leading edge of the contact area is pushed to increase the bulge deformation. Since the interstitial fluid flows more easily backward into the area that the upper cartilage has passed, the bulge deformation at the trailing edge of the contact area increases gradually along with the sliding due to the increased amount of fluid flow- ing backward. Eventually, the bulge deformation at the trailing edge of the contact area becomes larger than that at the leading edge ( Fig. 11 (c) ). The distribution of the relative velocity of the fluid phase shown in Fig. 12 also demonstrates that a larger relative velocity appears at the trailing edge than at the leading edge. Based on the results of the contact analysis for articular cartilage with a large amount of sliding discussed above, the validity and effectiveness of the proposed approach for contact problems of articular cartilage with a large amount of sliding are confirmed, and it is expected that the proposed approach will be a useful tool for actual analyses of joint mechanics.
Conclusions
For the prevention and medical treatment of joint diseases, as well as the development of artificial tissues that are close to the living tissues, it is necessary to clarify the mechanical behaviors of articular cartilage under physiological conditions. In this study, a finite element contact analysis approach for articular cartilage based on the biphasic theory is proposed by taking into account the large amount of sliding that occurs between cartilage surfaces of synovial joints in daily life. The impenetrability of the tissue and the continuity condition of the fluid phase on the contact surfaces are enforced by applying Lagrange multipliers. The contact virtual work is integrated in the contact surfaces and the contact forces are transferred between the contact surfaces equivalently in the sense of virtual work. The proposed approach is implemented and two numerical examples have been carried out to confirm the validity and effectiveness of the proposed approach.
